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We consider an environment where sellers compete over buyers. All sellers are a-priori identical and strate- 
gically signal buyers about the product they sell. In a setting motivated by on-line advertising in display ad 
exchanges, where firms use second price auctions, a firm's strategy is a decision about its signaling scheme 
for a stream of goods (e.g. user impressions), and a buyer's strategy is a selection among the firms. In this 
setting, a single seller will typically provide partial information and consequently a product may be allocated 
inefficiently. Intuitively, competition among sellers may induce sellers to provide more information in order 
to attract buyers and thus increase efficiency. Surprisingly, we show that such a competition among firms 
may yield significant loss in consumers' social welfare with respect to the monopolistic setting. Although we 
also show that in some cases the competitive setting yields gain in social welfare, we provide a tight bound 
on that gain, which is shown to be small in respect to the above possible loss. 
Our model is tightly connected with the literature on bundling in auctions. 
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1. INTRODUCTION 

One of the main themes in modern economic theory is that the introduction of com- 
petition increases social welfare. Many of the anti-trust laws in the western world 
are designed to motivate and protect such competition. The study of competition is 
a cornerstone of economic th eory and range s from the classical models of Cournot 
I Cournot 183811 and Bertrand IIBertrand 1883ll models, to advanced competing auctions 
I McAfee 19931 lElUson et al. 2004L 

Another topic that is well studied is sig naling in situa tions of asym metric informa- 
tion. Starting from Spence ISpence 1997 1 and Akerlof IIAkerlof 197011 seminal work, 
this issue has become central to the analysis of strategic interaction. Starting from the 
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work of Milgrom and Weber FMil grom and Weber 1982) it has become central to the 
analysis of auctions and economic mechanism design. In this paper we study signaling 
schemes in the context of competition. We introduce a simple game which we refer to 
as a 'signaling competition'. In this game sellers compete over buyers by signalling on 
the nature of the goods they sell. We study how the strategic use of signaling schemes 
effects the social welfare. In particular we compare the single seller setting with that 
of competing sellers. The model we use is motivated by the multi-billion ad exchanges 

market. 

We adopt a model of Em ek et al lEmek et al. 2011JI . motivated by Levin and Milgrom 

( Levin and Milgrom 2010| . We adapt the original model to a multi-seller environment, 
n this model each firm is an on-line publisher, which auctions ad opportunities to 
buyers (advertisers). Any time an internet user accesses a web page that belongs to 
the publisher an ad opportunity is created. Ad opportunities are different from one 
another and each can be described by a long list of attributes. Some of these attributes 
are related to the context of the page (e.g., a page that discusses triathlon events and 
hence may appeal to advertisers of sportswear) while others are related to the user 
(e.g., a male from Seattle that is a member of a forum on fishing). It is at the publisher's 
discretion to choose which attributes to expose to the potential buyersQ 

We consider a finite set of attribute combinations and we refer to each such combi- 
nation as a variant of the product. We assume that each ad opportunity is randomly 
drawn from some commonly known distribution over the variants (we restrict atten- 
tion to a uniform distribution in this work). Each buyer has a known valuation for 
each of the possible variants. More specifically, we restrict attention to a binary model 
where the value of each variant to a buyer may be either or 1. Social welfare is nat- 
urally defined as the probability of assigning a random good to a buyer that values it. 
To simplify the analysis and isolate the impact of signalling we assume that all sell- 
ers have the same pricing mechanism. In particular, each seller conducts a 2nd-price 
auction. Thus, a seller's strategy is what to signal about the good. A signalling scheme 
is modeled as a partition of the set of variants. Note that such a partition is closely 
related to the notion of bundling which we discuss later. 

The Signalling Competition is therefore a two-stage game, where the sellers choose a 
signalling scheme (partition) in the first stage and buyers choose which seller to access 
given the publicly announced signalling schemes. Once buyers and sellers match up a 
random variant is realized and is allocated according to a second price auction. In fact 
such a game captures one instance out of a flow of ad opportunities. We assume, implic- 
itly, that the signaling scheme is determined for the whole stream of ad opportunities 
and that each buyer's choice of a seller (publisher) is also fixed throughout. This set- 
ting closely resembles situations arising in display ad exchanges (see Muthukrishnan 
IIMuthukrishnan 200911 for a discussion). 

Our main goal is to compare the social welfare in an environment with a single 
seller with that of k sellers. We assume that the number of sellers does not impact 
the number of ad opportunities. Therefore, we resort to the following natural notion 
of welfare - the probability that a random ad opportunity will be allocated to a buyer 
that values it. In case there are k sellers we consider the average probability of efficient 
allocation among the sellers. This notion is motivated by the fact that a seller will only 
receive \ of the ad opportunities. 

It is intuitive to assume that competition among sellers could increase efficiency as 
such competition induces sellers to provide more information about the product, which 
in turn increases efficiency. However, a countervailing force also exists - more sellers 
imply that each seller faces a thinner market, which in turn could reduce efficiency. 



*There are clearly privacy related issues in this model, which we choose to ignore. 
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Market thinning is a major concern in the online advertisement business and is dis- 
cussed in depth by Levin and Milgrom | Levin and Milgrom 2010]. 



Our findings are surprising: the consumers' social welfare in the competing setting 
may severely drop with respect to the monopolistic setting. This is not necessarily 
the case and there are situations where the social welfare may also be higher in the 
competing setting. However, we provide a tight bound on this efficiency gain, which is 
shown to be negligible in comparison to the potential loss due to competition. 

It worth to notice that the model of signaling about the instance of a probabilistic 
good is technically equivalent to a model of bundling of goods. Indeed, the partition of 
the possible variants of a good into clusters, while selling a stream of such instances 
along time, can be associated with a fixed bundling of a given set of goods, and sell- 
ing all bundles, assuming additive valuations. The use of such bundling of goods in 
the context of computational advertising has been discussed in the CS literature in 
Ghosh et al I Ghosh et al. 2007], following the rich literature on the bundling of goods. 



originated in Palfrey [ |Palfrey 1983 1. Indeed, the idea that neither bundling all items 
together, nor sellin g them separately is optimal has been made explicit in Jehiel et al 
IJehiel et al. 2007]| . Our results can be viewed as applicable to the setting of bundling 
and to the above setting of signaling, interchangeably. Whereas this literature focuses 
on the single auctioneer setting we are interested in the implications of competition 
among sellers. 

1.1. Organization 

The paper is organized as follows: Section[2]provides the model and most of the defini- 
tions. Section [3] proves the existence of semi-pure subgame perfect equilibria, namely 
subgame perfect equilibria where all the buyers play pure strategies. Section|4]focuses 
on the single seller case (the monopoly) and provides bounds on the social welfare loss 
for a revenue maximizing seller while Section[5] analyzes the loss for the general case. 
Section [6] compares the prevailing efficiency in a monopolistic setting with that of a 
competitive setting (more than one seller). Finally, Section [7] concludes. 

2. MODEL 
2.1. Definitions 

A signalling competition SC = SC{S, B, G, V), is a game composed of (1) Two mutually 
exclusive finite sets of players: the set of sellers S and of the set of buyers B. (2) A 
finite set, G, of possible variants of a good. Each seller has a single good for sale. (3) A 
valuation matrix,!^ = (uf )^|^, where v^ e {0, 1} denotes the valuation of buyer b e B 
for the variant g G G. Players' utilities are assumed quasi-linear. 

Slightly abusing notation we will use S, B and G to denote the cardinality of the 
corresponding sets as well. 

The signalling competition proceeds as follows: 

(1) First, each seller commits to a partition on the set G of variants^ 

(2) Second, given the sellers' partitions, buyers simultaneously choose a seller. 

(3) Third, a variant of the good for each seller is realized according to a commonly 
known prior, which we assume is uniform, and variants are independent across 
sellers. Each seller knows which variant is realized but buyers only know to which 
element of the seller's partition the variant belongs (realistically, sellers disclose 
this information). 



^ A partition on a set X is a set of non-empty subsets of X such that each two have an empty intersection 
and the union of all the subsets is X. 
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(4) Finally, each seller runs a second price auction and goods are allocated to the win- 
ners. 

A (pure) strategy of a seller s is a partition on the set of variants, G. We will typically 
denote such a partition of s by tt^ and the set of all partitions is denoted n. An element 
TT e II'^ is a strategy tuple of the sellers. A (pure) strategy for buyer & is a function 
/s: n-^ — > S. Thus, /6(7r) denotes the seller chosen by b for a given strategy profile of 
the sellers, tt e H'^. Buyers bid truthfully and the allocation of the good and its price 
are determined according a second price auction (note that we assume truthful bidding 
and ignore, from the outset, weakly dominated strategies). 

For a buyer b, and a subset of variants G c G, let Vb{G) = J2geG "f • Note that "^^ ^ is 
b's expected valuation conditional on a variant being in G. Let Vb = Vb{G). Analogically, 
for a good g, and B C B, we define the total demand for g in B by vS{B) = J^beS'^b 
andws =%s(B). 

For any B C B,G C G, denote by Vi (B, G) =^ max {vb{G)\b e B} and let b denote an 

arbitrary buyer that satisfies i;g(G) = Vi(B,G). Let V2(B,G) 1^^ max(|z;b(G)|6 e B \ fej) 

be the second highest valuation for goods in G by players in B. We drop the reference 
to the set of players when we refer to the whole set, B. 

Given a strategy tuple n = {T:s)ses for the sellers and a strategy tuple / = ifb)beB for 

the buyers we denote by Bsin, f) = I fo|/^(7r) = s> the set of buyers that choose s and 

by BbiiT, /) = ] blfbi''^) = fb{T^) \ the set of buyers that co-bid with b at the same seller 
Using this notation we can now write an explicit formula for players' utilities. 
The utility of buyer b is Ub{n, f) = Eg6.,,<., max{..(G)-vgB.(.j),G),o} . M^ ^^^ ^^. 

M^J) = ^ E ^^^^{vb{G)-V2{Bb{TT,f),G),0} (1) 

The utility of seller s is 

^ V2{B,inJ),G) \G\ 1 ^ 



(2) 



We extend the notion of utility from pure strategies to mixed strategies in the usual 
way, via expectation. 

2.2. Social Welfare 

Our model assumes a constant stream of goods that is sold via S competing auctions. 
Eventually each good is either allocated to a player who values it at 1 or at 0. The 
efficiency measure we consider is the proportion of goods allocated to agents that do 
value them. Thus, given a strategy tuple (tt, /) we define the social welfare as follows: 

SWiTTj) = ;^E_E V^{B,i^,f),G). (3) 

LEMMA 2.L SW(7r, f) = i(E^ u^in, f) + J^, Ubiir, /)). 
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Proof: Note that for each seller s: 

Us{.TTs,f)+ ^ W&(7rs,/) = 

= ^ E (^2(B,(^,/),G)+ Y. niax{z;b(G)-V2(Sb(7r,/),G),0}j = 

Summing over s e S and dividing by S yields the result; ■ 

The next proposition has already been observed by HEven-Dar et al. 200711 and its 
proof is omitted: 

Proposition 2.2. Assume 5* = 1, then as the seller's partition, tts, gets finer the 
social welfare (weakly) increases^ 

3. SEMI-PURE SUBGAME PERFECT EQUILIBRIA 

A signalling competition SC ~ {B, S, G, V) together with a tuple of pure strategies, 
TT, for the sellers ind uce a game f or the buyers, which we denote by SC'-„-- A Subgame 
Perfect Equilibrium llSelten 196511 of S'G is a (possibly mixed) strategy tuple (tt, /) such 
that /(t) forms a Nash equilibrium for the game SCr, for any pure strategy tuple, r, of 
the sellers. Furthermore, tt,, is a best reply to the strategy of the other players [tt-s, /)■ 
A Subgame Perfect Equilibrium is called semi-pure if buyers use pure strategies. 

3.1. The subgame SCt 

We argue that for any pure strategy tuple of the sellers, t, the induced game SC'r, is a 
potential game. Consequently we can conclude it must have a pure Nash equilibrium. 
In the game SCr each player (buyer) must choose a seller and so the players share the 



strategy set S. Following | Monderer and Shapley 1996| we say that SCr is a potential 
game if there exists some function P: S" — s- R such that for any ,s e S"^ V6 G Pysb, Sb G 
S: 

Ubisb, S-b) - Ub{Sb, S-b) = P{sb, s_b) - P{sb, S_h) (4) 

The function P is called the potential of the game. 

Theorem 3.1. For any strategy tuple of the sellers, t, the game SCr is a potential 
game and the social welfare is the potential. 

To prove Theorem I3.1l we consider the game when player 6' is absent. Formally, this 
is the game 5'G(5, B', G, V), where B' = B\ {b'} and V = {vl)ll%. 

Lemma 3.2. IfS^l then for any b' G B, SW{tt, /) - SW{t:, /') = Ub'in, f), where 

/' = iDb^b'- 

In words, the decrease in social welfare resulting from the absence of buyer b' is 
equal the utility of 6' in her presence. 
Proof: Resorting to equation [3] it is sufficient to prove that: 

^ V,{B,G) - Y, Vi{B',G) = Y maxW(G) - V2{B,G),0}. 

GGtt GGtt Geir 



^TTs is a refinement of its if any set in tts is a union of sets in ns ■ 
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Therefore, it is sufficient to show that for any G G tt: 

ViiB,G) - ViiB',G) = max{i;b.(G) - 1^2(5, G),0}. 
For any G e tt one of the following cases holds: 

— Case 1: vw{G) < Vi{B',G) in which case Vi{B,G) = Vi{B',G) andwf,'(G) < V2iB',G) 
and the assertion follows. 

— Case 2: iv(G) > Vi{B\G) in which case V2{B,G) = Vi{B',G) and Vi{B,G) = Vb,(G), 
and the assertion follows. 

■ 
We return to the proof of Theorem 13.11 

Proof: Let t be a pure strategy of the sellers and let / and g be two strategy tuples 
for the buyers satisfying: (1) /;, = gi,\tb ^ b'; and (2) fb-ir) ^ .96' (t). We shall prove that 

Uk,{T,f) - uy{T,g) = SW{tJ) - SW{T,g). 

Let B' = B \ {b'} and consider a game w ith t he set of buyers B', with the strategy 
tuple /' = g' = {fb)b^b'- By applying Lemma [3^ twice we have: 

SWin, /) - Ub, [it, f) = SWin, /') = SWiir, g') = SW{7t, g) - Ub, (tt, g) 

and the assertion follows. ■ 

It is well known that any potential game has a pure NE, and so the following is imme- 
diate: 

Corollary 3.3. For any pure strategy tuple of the sellers, t, the game SCr has a 
pure NE. 

This reflects on our model of a signalling competition, as follows: 

Theorem 3.4. Any signalling competition contains a semi-pure SPE. 

Proof: For any pure strategy of the sellers, r se t /( r) to be the pure Nash equi- 
librium of SCr, which exists according to Corollarv l3 31 Fixing the buyers strategies 
induces a simultaneous move game for the sellers. Let tt be the (possibly mixed) Nash 
equilibrium of this game. We argue that (tt, /) is the desired semi-pure a SPE of the 
original game. ■ 

Let SPE{SC) denote the set of all semi-pure subgame perfect equilibria of SG. 
SPE{SG) ^ 0. 

4. SOCIAL WELFARE IN A MONOPOLY 

We now study the single seller case. In this game buyers' strategy set is degenerated 
and so, in fact, we have single player game. 

Proposition 4.1. Assume 5=1 and B ^ 2 then as the seller's partition, tts, gets 
finer, buyer's utility (weakly) increases and the seller's utility (weakly) decreases. 

Proof: Denote B = {a, b}. Now Ua = -^ J2g£tv ™^^ {^aiG) - Vb{G), 0} which (weakly) 
increases as tts get finer. 

The seller's utility is m,, = ^ J^Gen, ™ii^ {i^a(G), Vf,(G)}, which (weakly) decreases as 
TTs get finer. ■ 

The claims in Proposition 14. II do not hold for the case of more than two buyers. We 
demonstrate this with the following example: 
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Example 4.2. Consider the case of one seller, 3 buyers and 3 variants for the good. 
Let the valuation matrix be: 



V 



1 r 

1 1 
1 1 



where the 6*'' row represents buyer b and the g*'* column represents good g. Consider 
the partition 7r = {{l,2},{3}}. If the good is in the set {1,2}, the second buyer gets the 
good and pays ^. In case the good is in {3}, either buyer 1 or 3 get the good but her full 
valuation of 1. Therefore u2{Tr) = §5 + 3O = i, the seller earns its(7r) = §5 + 31 = 1 
and the social welfare is SWin) = 1. 

Compare this with the finest partition r = {{1} , {2} , {3}}, where u2{t) = < u2{tt), 

Us{t) = 1 > Ms(7r). 

As argued, more information leads to increased efficiency. In some cases (e.g., ex- 
ample 14.21 1 a revenue-maximizing seller would strategically choose to reveal all the 
information and maximal efficiency would prevail. Unfortunately, this is not always 
the case. 

Let us denote by OPT(S'C) = max(7r,/) SW{tt, f) the optimal social welfare possible. 

Theorem 4.3. When 5 = 1 the efficiency obtained in any semi-pure SPE is at least 
ioPT, and this bound is tight. 

For the proof we make use of the following notation. For any subsets G (^ G and 
_B C S let p^{B,G) = |{.9 G G\ YlbeB'^b - *}| denote the number of goods in G for 
which there are at least i buyers in B that value them. In particular p^{B, G) is the 
number of goods for which there is some demand and p^{B, G) is the number of goods 
for which there are at least two interested buyers. We abbreviate p'(i?, G) by p^G). 

Proof: Note it is enough to prove the theorem for any pure strategy of the monopolist 
in our single player game. 

Suppose to the contrary, that for some valuation matrix V there is a revenue maxi- 
mizing partition, tt, such that ^^^(Tr) < ■|OPT(S'C). In this case there must exist some 

G e TT, such that "^^q < | • ^ ^ . Without loss of generality we can assume that tt is 
degenerated and G ~ G. Therefore 

p\G)>i-Vi{G). (5) 

Let a^bhe two distinct buyers satisfying Va{G) ~ Vi{G) and Vb{G) — V2{G). Define 

G' =^ {g G G\vl +vg>l}(ZG, the set of goods wanted by a or h, andlet G" =^ G \ G'. 
Note that by construction p^ (G) = p^{G'] + p\G") andpi(G') < 2Vi{G). Combining 
this with inequality [5]implies p^{G") > Vi{G). Hence p^{G") > Vi{G"), which in turn 
implies that F2(G") > 0. 

Based on equation |2] we compute the revenue from partitioning G into G' and G": 

V2(G0 + V2iG") _ V2{G) + V2iG") V2iG) 

G G ^ G ' 

where the equality V2{G') = V2(G) follows from the construction of G'. As the right 
hand side corresponds to the original revenue we have arrived at a contradiction. 
Finally, to prove this bound is tight consider the following valuations: 



V 



1 0- 
1 
1 
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The seller maximizes revenue by disclosing nothing. The ensuing social welfare is ^, 
while the optimal welfare, obtained when all information is disclosed, is OPT = 1. ■ 

Whereas, Theorem 14.31 bounds the welfare in the worst possible outcome, it turns 
out, as has already been shown by Ghosh et al IIGhosh et al. 20071 that there exists 
some revenue maximizing partition that yields a better outcome: 

Theorem 4.4. Let S — 1, then there exists some seller strategy, n, such that it 
maximizes the seller's profit and SW{-k) > ioPT. Moreover, this bound is tight. 

5. SOCIAL WELFARE IN A COMPETITION 

When there is more than a single seller we can also expect less-than-optimal social 
welfare. In fact, the following example demonstrates that the ratio between welfare in 
a SPE and optimal welfare can be as low as i : 

2 sellers, G goods and B = 2 ■ G buyers with the 



Example 5.1. There are S 
following matrixQ 



V 



1 
1 



0- 

... 



... 10 

... 1 

1 ... 
1 ... 

... 10 
.0 ... 1. 

The optimal social welfare is obtained when the two sellers disclose everything, buy- 
ers 1, . . . , G choose seller 1 and buyers G + 1, . . . ,2G choose seller 2. In this case the 
social welfare is 1. 

On the other hand, consider the following strategy profile: 

— Sellers disclose nothing. 

— Buyers play as follows: 

— If no seller deviates then buyers 1, . . . , G choose seller 1 and buyers G + 1, . . . , 2G 
choose seller 2. 

— If seller 1 deviates to partition tti then for any G' e tti let B' = {b < G : Vb{G') > 
0} be the set of buyers which assign g' a positive valuation. An arbitrary buyer in 
B' chooses seller 1 while the other choose seller 2. In addition, buyers G+1, . . . , 2G 
choose seller 2. 

— If seller 2 deviates then use a similar profile. 

— If the two sellers deviate play an arbitrary pure Nash equilibrium in the induced 
subgame (the existence of which follows immediately from Theorem l3.1D . 

We argue that this strategy profile constitutes a SPE: Clearly a unilateral deviation 
of a seller cannot be profitable. As to the buyers, the only non-obvious case is when 
a single seller, say seller 1 without loss of generality, deviates. Note that buyers that 
have chosen seller 1 will get positive utility whereas deviation to seller 2 yields a utility 
of zero. On the other hand any buyer that has chosen player 2 will necessarily get a 
utility of zero when going to seller 1. 



^This example can be generalized to an arbitrary number of sellers, S > 2, using a valuation matrix which 
is defined by S vertical repetitions of the G x G identity matrix. 
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In this SPE the social welfare is ^ and so the ratio between this and the optimum 

isi. 

It turns out that ^ is the lower bound on welfare loss if there are sufficiently many 
buyers: 

Theorem 5.2. For S > 2 sellers, G goods and B > S buyers satisfying Vb{G) > 

0\fb € B (in words, each buyer has a positive demand), opt — h f^^ '^^^ semi-pure 

SPE {tt, /). 

Proof: Let (tt, /) be an arbitrary semi-pure SPE. By the definition of a SPE it fol- 
lows that for any pure strategy of the sellers, t, the strategy tuple, /(r), is a Nash 
equilibrium in the induced game SCr- _ 

It B,{tJ)^ 9 then j:^^^^Vi{Bsi7rJ),G)>l. 

Therefore, if S,(t, f)^9 y.seS then SWin, f) = ^ Eses Egg., ^i(^.(^> /), G) > 

J_ 

G ' 

If, on the other hand, there exists some seller s such that B~s{T,f) = (no buyer 
chooses seller J). The utility of every player 6 is no less than the utility aft er de viating 
to seller s, which itself must be at least ^. Therefore Wb(r, /) > ^. Lemma [2111 implies 
that SW{t, f)> ^ -B-^. Since B > S, this implies that SW{t, f) > i. As this holds 
for any pure strategy r it must also hold for any mixture. In particular, SW{ti, f) > ^. 

On the other hand, the maximal social welfare possible is no more than 1, and there- 
fore ratio is at least ^ . ■ 

In terms of an upper bound, it is easy to construct examples where in equilibrium 
the optimal social welfare is obtained (e.g., when Vb{G) = G for all players). 

6. MONOPOLY VERSUS COMPETITION 

We now turn to the central question of this work. Given a valuation matrix, will compe- 
tition among sellers increase efficiency? On the one hand competition induces market 
thinning for each seller. This may result in low demand and inefficient allocation. On 
the other hand, intuition suggests that competition will induce sellers to reveal more 
information, thus improving allocation. 
Recall that p* = p^{B, G) indicates the number of goods which demand is greater or 

equal i. In Theorem iHwe have shown that for S = l, SW{-k, /) > ^ = ^'^3^*^^ We 
now improve upon this bound: 

Lemma 6.1. Let 5 = 1 and assume tt = {G] is an optimal strategy for the seller. 
Then SW{it, /) > ^^^ • If in addition, tt = {G} yields the maximal social welfare 
among all revenue maximizing strategies then SW{tt, f) > ^^f-- 

Proof: In the single seller game the buyers have a degenerate strategy and so hence- 
forth we omit the reference to / in the notation. 

As TT = {G} the social welfare is SW{Tr, /) = ^^ and the seller's profit is ^^. 

In case i? = 1 or p^ = or G = 1 both parts of the lemma follow triviallyjnote that 
B = 1 =^ p^ = Q).ln case B = 2 {2 buyers), p^ = Vi{G) + V2 - p^ < 2Vi{G) - p^. 
Therefore, £^ < 2^M = SW{tt), as required 

Henceforth, we assume B > 3, p^ > 1 and G > 2. 

Define G = {g e G\v3{B) > 2}. There are p^ elements in G. For an arbitrary g £ G 
consider the partition tt = {G \ {5}, {g}}. Clearly ^2(6) - 1 < V2iG \ {g}) < ^2(6). If 
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^2(G \ {g}) = ¥2(0) then the seller's profit at tt is: 

(-^-L , , G-lV2iG\{g}) _ 1 G-l%{Gl %{Gl 

""^^""'-G^^ G G-l G^^ G G-\ G 

contradicting the optimality of tt. Therefore g e G =^ V2{G \ {g}) = V2{G) - 1. 
Applying this iteratively for all p'^ goods in G implies: 

V2{G\G)^V2{G)-p' (6) 

If, in addition, tt is the efficient revenue-maximizing strategy then similar argu- 
ments yield 

Vi{G\G)^Vi{G)-p'' (7) 

Let a ^ bhe two distinct players such that Va{G) = Vi{G) and vi,{G) = V2{G). Let 

G' = {g : Va{g) + Vb{g) > 1} C G be the set of goods demanded by players a or b and 

let G" = G\G'. Note that the revenue from the partition tt = {G',G"} is no less 
then that of tt, then by the maximality of tt we must conclude that no revenue is gen- 
erated from G", or more formally, V2(G") = 0. In particular, if player c ^ a,b satisfies 
Vc{G") ~ Vi{G"), then for any player, d ^ c, Vd{G") = 0, which in return implies that 
{g e G"\v9{B) > 2} = and so: 

G c G'. (8) 

Clearly Va{G \G)> Va{G) - p^ > V2{G) ~p^ ^V2{G\ G) and similarly Vb{G \ G) > 
V2iG\G). 

It max La{G\G),Vb{G\G)\ < Vi{G\G)t'henva{G\G) =Vb{G\G) = V2{G\G) = 
V2{G) - p^. This implies that g £ G <;==> Va{g) ~ Vb{g) = 1 and so 

p\G')^Va{G') + Vb{G')-p\ (9) 

This implies 

p' +p'=p\G')+p\G")+p' - K(G') + Vb{G')~p'] +p\G")+p' < SViiG). 

If, on the other hand, max {va{G\ G),Vb{G \ G)} == yi(G\ G) then Vc{G\G) <V2{G\ 

G). To see this assume the opposite inequality holds, namely Vc{G \ G) > V"2(G \ G), in 
which case Vi{G\G) > V2{G\G) and so there are 2 players that value G\G strictly 
more than F2(G \ G) which is impossible. Hence, Vc{G \ G) < F2(G \ G) == V2{G) - p^. 

AsG"cG\Gweknowthatpi(G") = Wc(G") <Vc{G\G) <V2iG)-p^ <ViiG)-p^. 

Therefore, 

p' +p'=p\G')+p\G") +p' < [va{G') + VbiG')] + mG) -p'] +p^ =< 3\/i(G). 

In both cases p^ + p"^ < 3Vi(G). Dividing both sides by 3G yields 2^ < SW{tt, /), 
as argued in the first part of the lemma. 

Henceforth assume tt is the efficient revenue-maximizing strategy. In this case no 
social welfare is generated from G" and so Vi(G") = 0. In particular, Vc{G") = for 
any player, c. 

Applying equation [7) 

Va{G \ G) > Va{G) - p2 ^ Vl{G) - p' ^ Vl{G \ G) 

Implying 

Va{G\G) = V^{G)-p' = V^{G\G). (10) 
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Similarly Vb{G \G)>V2{G\G). Since VaiG \G) = Vi{G\G), we conclude that 

Vb{G\G)^V2{G\G) = V2iG)~p^. (11) 

From equations llOllll we conclude g e G <=> Va{g) ~ Vb{g) = 1- Therefore 

pl = p\G') = Va(G') + Vb(G') - /(C) = Va{G') + Vb(G') ~ p\ (12) 

Adding p^ to both sides and dividing by 2G yields ^ ^ < SW{n, /), as desired. 

■ 

Lemma 6.2. Let 5 = 1 and assume n is an optimal strategy for the seller Then 

1,2, 

^^^(Tr, /) > ^gg . If, in addition, tt yields the optimal social welfare among all such 
strategies, then SW{Tr, /) > l^^^. 

Note that jr is actually the maximal social welfare, and so the first part of Lemma 
I6.2l implies Theorem 14.31 while the second part implies Theorem l4.4[ 

Proof: Note that it is enough to prove the theorem for the pure strategies, so assume 
TT be an optimal pure strategy. For any Gen consider the game SC{S, B, G, (f^ )f|B)- 
Namely the game where the set o f goo ds is a-priori G. In this game the strategy {G} is 
optimal for the seller. By Lemma 16.11 part 1: 

V^iG) ^ p\G)+p\G) ^ ^^g^ 



\G\ - 3G 



Averaging over G G tt: 



c^M/r ^ \- 1^1 ^i(^) > 1 \- p\G)+p^{G) p^{G)+p\G) 
SW{.) = ^ _ . > _ ^ = 

In case, tt is the efficient revenue maximizing strategy. Lemma 16.11 part 2, yields: 

Fi(G) ^ p\G)+p\G) ^ ^^^^ 



\G\ - 2\G\ 



Averaging over Gen: 



QM/r ^ \- 1^1 ^i(^) > 1 \- pHg)+pHg) pHg)+pHg) 

SWin) = ^ _ . > - ^ = 

■ 

Fix a set of buyers, B, a set of goods, G and a valuation matrix v. Let F^ be the set 

of optimal strategies for the for the seller in S'G(1, B, G, v) and let F'^ be the set of all 

SPE in SC{S, B, G, v). In addition, let F'^ be the set of optimal strategies for the for 

the seller in S'G(1, B, G, v), which yield the maximum social welfare possible there. 

6.1. Upper bound 

We begin by identifying an upper bound on the social welfare attainable in a competi- 
tion. Let ci = p^ — p'^ be the number of goods with a unit demand. 

Lemma 6.3. Let (tt, /) be an arbitrary strategy tuple in the game SG{S, B, G, V). 
Then SWin, f) < '=i+'»M^g.^}-p\ 
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Proof: Clearly the maximal welfare can be obtained when sellers fully reveal their 
information. That is we can assume, W.L.O.G that tt = {{g} : g ^ G}. Let G = {g : 
E,t;^ = l}. By equation! 



5m'r,/) = ^EE^i(^«(^'/)'i-9}) 



SG 

sGS gGG 



5^ (EE^i(^«('^'/)'{ff})+ E J2^i{Bsinj)A9})] < 

1 /Y^ -I 2 • re D^^ Ci + TTim {5*, i?} • p^ 



^^(Ei+p''"*"{^'^}) 



gee 

■ 

Theorem 6.4. For any B, G, v satisfying B >2, for any S >2, any tt eT^ and any 

(/,T)er^.- 

SWjnJ) ^ 1 
SW{tt) - S' 

In words, a competition can result in negligible higher efficiency. 
Proof: We define the auxiliary variable p = 2_ _ We separate the proofs to prove to 
the cases p < I and p > 1. 

Case 1 - p < 1 and a > 0: By Lemma [6;i SW{n) > ^^^^ and by Lemma 

SW{n, f) < ^^+"""Js.B}-p\ Therefore the ratio satisfies: 

SWJTTj) """^^fj-^'+"^ _ 3 c,+mm{S,B}p^ _ 3 l + min {S,B}p 
SWiir) - £i+Ip1 ^ S ci + 2p2 ^ S l + 2p 

If min{5,B} = 2, then ^^ < ^j^ = | < ^ = 1 + |, as claimed. If 

minis', B} > 2, the function g{p) ~ i+™'n^^--B}p jg strictly increasing, and obtains its 

maximum at p = 1. Therefore, ^^^ < | ^+'^^^^3,3} < ^ ^ ^^ ^g claimed. 

Case 2 - p > 1 and a > 0: We now use an alternative lower bound on a profit 
maximizing single seller's social welfare, which is p^/G. Therefore: 

Case 3 - ci = 0: Using the same lower bound on social welfare as in Case 2 yields: 

SWiir) - £i S S' 

■ 

Note that the last theorem, although stated for SPE actually holds for any strategy 
profile in the competition setting (5 > 2). This bound turns out to be a tight bound, 
even if we restrict strategy profiles in the competition to SPE: 
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Theorem 6.5. For any S > 2 there exists a set of buyers, B, and valuations such 
that there are strategy tuples tt e F^ and (/, tt) e T^, satisfying: g^:u^{ = 1 + ^. 

Proof: For any S > 2, set B = S + \,G = 2 and consider the following valuation 
matrix: 

r 1 



V = 



1 
1 



A single profit maximizing seller may use the strategy tt = {1,2} (i.e., disclose nothing), 
yielding SW{t:) = 1/2. 
For the setting with S sellers, the following constitutes a SPE: 

— Sellers strategy: - All the sellers disclose everything. 

— Buyers strategy: 

— If no seller deviates from the above prescribed strategy then buyer i goes to seller 
i, for i < S and buyers 5, 5 + 1 go to seller 5*. 

— If one seller deviates, say seller k < S then then buyer i goes to seller i, fori<S 
and buyers S", S" + 1 go to seller S. 

— If seller S deviates buyer S moves to seller 1. 

— If at 2 sellers or more deviate then an arbitrary equilibrium profile of the induced 
subgame is played. 

The social welfare obtained in this strategy tuple is ^((S'— 1)^ + 11) = ^^, therefore 
the ratio is 1 + ^ . ■ 

Recall that Theorem 14.41 provides a different lower bound on the social welfare ob- 
tained by a single seller, assuming she chooses a social welfare maximizing strategy, 
among all the revenue maximizing ones. In such a case: 

Theorem 6.6. For any B, G, v satisfying B >2, for any S >2, any n e T'^ and any 

(/,7r)er^.- 

SWjnJ) ^ inm{S,B} ^ 
SWin) - S 

In words, a competition cannot result in a higher efficiency in this case! 

Proof: ByLemma[6;i SW{tt) > ^iif^ andby Lemma[6l]5M^(^, /) < ^^+"^Ms.B}-p^ _ 
Therefore the ratio satisfies: 

SWiirJ) ^ ---^-{3,3^+0, ^ 2 c, + mm {S,B}p^ ^ 2 ci '"'"^f ^> + min {5, i?}p^ 



< ^^^. = -r.^- ' ''' < 



SWin) - £i+2r± S a + 2p^ - S ci + 2p^ 



S 



Note that the last theorem, although stated for SPE actually holds for any strategy 
profile in the competition setting (5* > 2). This bound turns out to be a tight bound, 
even if we restrict strategy profiles in the competition to SPE: 



Theorem 6.7. For any S > 2 there exists a set of buyers, B, and valuations such 
it there are strategy tuples it e F'^ and (/, tt) g F"^, satisfying: gy^^rd — """ g ' ' . 

Proof: For any S = B > 2, consider the case where every buyer wants each good, 



i.e. yb e B,g e G : v^ = 1. Here, tt e F'^ can be {.g}„gg, yielding social welfare 1. 
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Consider the SPE, where Vtt : /i(7r) = i, and all the sellers disclose everything, 
i.e. -K = {g]g^Q- This yields the social welfare 1. Therefore, the ratio is 1 = '"'"i^'^J . g 

6.2. Lower Bound 

Theorem 6.8. If S > 2, B > S and Vb{G) > Oyb e B (in words, each buyer has a 
positive demand), then for for any n eT^ and (/, n) G T^': 

SWJTTj) ^ 1 

SWiir) - G" 
and this bound is tight. 
Proof: As in the proof of the Theorem l5.21 we obtain that ^^^(Tr, /) > i. 
On the other hand, SWin) < 1. Thus, ^^f^ > ^. 

To demonstrate that the bound is tight we re-visit Example l5.ll In that example, the 
social welfare in the SPE is ^, while a profit maximizing single seller may disclose 
everything, yielding a social welfare of 1. Thus, the ratio is ^. ■ 

7. CONCLUSION 

We analyzed the impact on social welfare due to the introduction of competition in a 
binary valued model of signaling. As more sellers compete for buyers we expect sell- 
ers to reveal more information in order to attract buyers, thus resulting in increased 
welfare. On the other hand, it also causes market thinning for any given seller, and so 
could decrease social welfare. As we show the potential increase is negligible while the 
potential decrease is catastrophical. 

REFERENCES 

AkerlOF, G. 1970. The market for lemons': Quality uncertainty and the market mechanism. Quarterly 
Journal of Economics 84, 3, 488-500. 

BertrAND, J. 1883. Theorie mathematique de la richesse sociale. Journal des Savants (1883), pp. 499-508.. 

COURNOT, A. 1838. Recherches sur les principes mathematiques de la theorie des richesses. English trans- 
lation, N. Bacon, trans.. Researches into the Mathematical Principles of the Theory of Wealth, New York: 
Macmillan and Company, 1897.. 

Ellison, G., FudenberG, D., and MOBIUS, M. 2004. Competing auctions. Journal of the European Eco- 
nomic Association 2, 1, 1-12. 

Emek, Y., FeldmAN, M., Gamzu, I., and TennenhOLTZ, M. 2011. Revenue maximization in probabiKstic 
single-item auctions via signaling. In the 7th ad auctions workshop. 

Even-DAR, E., KeARNS, M., and WORTMAN, J. 2007. Sponsored search with contexts. In WINE. 312. 

Ghosh, A., NAZERZADEH, H., and SundARARAJAN. 2007. Computing optimal bundles for sponsored 
search. In WINE. 576-583. 

Jehiel, p., Meyer-TER Vehn, M., and MOLDOVANU., B. 2007. Mixed bundling auctions. Journal of Eco- 
nomic Theory. 

Levin, J. and MilGROM, P. 2010. Online advertising: Heterogeneity and conation in market design. Amer- 
ican Economic Review 100, 2. 

McAfee, R. 1993. Mechanism design by competive sellers. Econometrica 61, 6, 1281-1312. 

MiLGROM, P. and Weber, R. 1982. A thoery of auctions and competitive bidding. Econometrica 50, 1089- 
1122. 

MONDERER, D. AND Shapley, L. S. 1996. Potential games. Games and Economic Behavior 14, 1, 124 - 
143. 

MUTHUKRISHNAN, S. 2009. Ad exchanges: Research issues. In WINE. 1-12. 

Palfrey, T. 1983. Bundling decisions by a multiproduct monopolist with incomplete information. Econo- 
metrica 51, 463-484. 

Selten, R. 1965. Spieltheoretische behandlung eines oligopolmodells mit nachfragetragheit. Zeitschrift fur 
die gesamte Staatswissenschaft 121, 301-324 and 667-689. 

ACM Journal Name, Vol. X, No. X, Article X, Publication date: February 2012. 



Signalling Competition and Social Welfare X:1 5 

SpenCE, a. M. 1997. Job market signaling. Quarterly Journal of Economics 87, 3, 355-374. 
Received Month YYYY; revised Month YYYY; accepted Month YYYY 



ACM Journal Name, Vol. X, No. X, Article X, Publication date: February 2012. 



